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New classes of Picard operators
Pas¸c Ga˘vrut¸a, Laura Manolescu
Abstract. An operator T on metric space (X, d) is called a Picard
operator if T has a unique fixed point u in X and for any x ∈ X, the
sequence {T nx}n∈N converge to u.
In this paper, we give new results concerning the existence of Picard
operators.
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1 Introduction
The fixed point theorems have various application in chemistry, biology, com-
puter sciences, differential equations, existence of invariant subspaces of lin-
ear operators, Hyers-Ulam-Rassias stability and much more. Because of this,
many scientists work on developing new fixed point theorems. See, for ex-
ample, the book [16].
Let (X, d) be a metric space and T : X → X be a mapping.
T is called a Picard operator if T has a unique fixed point u in X and for
any x ∈ X , the sequence {T nx}n∈N converge to u ([14], [15]) .
Definition 1. T is called contractive if it satisfies
d(Tx, Ty) < d(x, y), for x, y ∈ X, x 6= y.
The following proposition is a well known result.
Proposition 1. Let (X, d) be a complete metric space and T : X → X be
contractive. If (∀) x ∈ X the sequence {T nx} is Cauchy, then T is Picard
operator.
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Proof. [7] Since (X, d) is complete, the sequence {T nx} has a limit u. Since
T is continuous,
Tu = T (limT nx) = limT n+1x = u.
Thus, u is a fixed point of T. If v is such that Tv = v, then v = u. Contrary,
u 6= v and
d(Tu, Tv) < d(u, v)⇐⇒ d(u, v) < d(u, v),
impossible.
The condition in Proposition 1 is not enough in general to ensure that
existence of a fixed point. But, for contractions, the existence and the unique-
ness of a fixed point are proved by the famous theorem of S. Banach.
Definition 2. T is called a contraction if there is λ ∈ [0, 1) such that
d(Tx, Ty) ≤ λd(x, y), for x, y ∈ X.
Theorem 1. (Banach [1]) Let (X, d) be a complete metric space and
T : X → X be a contraction. Then T is a Picard operator.
The Banach Theorem is an abstract formulation of Picard iterative pro-
cess. In the following, we present some known generalizations of this theorem.
Definition 3. We say that T is a Meir-Keeler contraction if given ε > 0,
there exists δ > 0 such that
(∀) x, y ∈ X, ε ≤ d(x, y) < ε+ δ =⇒ d(Tx, Ty) < ε.
Theorem 2. ([7]) Let (X, d) be a complete metric space and T be a Meir-
Keeler contraction. Then T is a Picard operator.
Definition 4. T is said to be a CJMP contraction (cf. [2], [8], [6], [10]) if
the following conditions holds
(a) T is contractive;
(b) (Matkowski-We¸grzyk condition [9]) for every ε > 0, there exists δ =
δ(ε) > 0 such that
(∀) x, y ∈ X, ε < d(x, y) < ε+ δ =⇒ d(Tx, Ty) ≤ ε.
The class of CJMP-contractions contains the class of Meir-Keeler con-
tractions [2].
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Theorem 3. ([2], [8]) Let (X, d) be a complete metric space and T be a
CJMP-contraction on X. Then T is a Picard operator.
We will give a pedagogical proof of the above theorem. In the proof we
will need the next lemma.
Lemma 1. We suppose that (X, d) is a metric space and T : X → X a
CJMP-contraction. Let ε > 0 and δ = δ(ε) > 0 as in Definition 4. If
x, y, z ∈ X so that d(x, y) < δ and d(y, z) ≤ ε, then
d(Tx, Tz) ≤ ε.
Proof. If x = z, it is clear. We can suppose that x 6= z. We have two cases:
1) d(x, z) ≤ ε. Since T is contractive, we have d(Tx, Tz) < d(x, z) ≤ ε.
2) d(x, z) > ε. We have ε < d(x, z) < d(x, y) + d(y, z) < δ + ε,
hence d(Tx, Tz) ≤ ε.
Proof. of Theorem 3. We take x ∈ X and we denote xn = T nx, n ∈ N.
If d(xn, xn+1) = 0 for an n ∈ N, then xn is a fixed point of T and the proof
is finished. If d(xn, xn+1) > 0, (∀)n ∈ N, we give the proof in two steps.
Step 1: lim
n→∞
d(xn, xn+1) = 0. We denote: an = d(xn, xn+1), n ∈ N. Since
T is contractive, we have an < an−1, n ∈ N. We denote a := lim an. If a > 0,
then there is n0(a) such that
a < an < a+ δ(a), n ≥ n0(a).
Since (b), it follows an+1 ≤ a, contradiction.
Step 2: {xn} is a Cauchy sequence. From Step 1, we have that for ε > 0,
(∃)n1 = n1(ε) so that
d(xn−1, xn) < γ(ε) := min(ε, δ(ε)), n ≥ n1.
We use the induction to prove
d(xn, xn+p) ≤ ε, p = 1, 2, . . . (1)
For p = 1 : d(xn, xn+1) < d(xn−1, xn) < ε. If (1) is true, with the above
Lemma, we have
d(Txn−1, Txn+p) ≤ ε, n ≥ n1
and we apply Proposition 1.
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Recently, in 2012, Wardowski introduced a new type of contraction map-
pings named F− contractions (or Wardowski contractions) [22]. This new
type of contractions were used by several researches in the field of fixed point
theory to obtain new results. More general, in 2018, Wardowski also consid-
ered nonlinear F−contraction (or (ϕ, F )-contraction).
Definition 5. (Wardowski [23]) Let be F : (0,∞) → R and ϕ : (0,∞) →
(0,∞). T is said to be a nonlinear F−contraction (or (ϕ, F )-contraction) if
(∀) x, y ∈ X, Tx 6= Ty =⇒ ϕ(d(x, y)) + F (d(Tx, Ty)) ≤ F (d(x, y)). (2)
Theorem 4. ([23]) Let (X, d) be a complete metric space and T : X → X
be a (ϕ, F )-contraction. We suppose that
(i) F is strictly increasing;
(ii) lim
t→0+
F (t) = −∞;
(iii) lim inf
s→t+
ϕ(s) > 0, for all t ≥ 0.
Then T is a Picard operator.
Important contributions to Wardowski contractions were given in [12],
[17],[18], [19], [20] and [3]. See also the survey paper [5].
We recall, also, a general theorem for fixed points.
Theorem 5. (Ri [13]) Let (X, d) be a complete metric space and T be con-
tractive map in the following sense: there is a function ϕ : [0,∞) → [0,∞)
such that ϕ(t) < t and lim sup
s→t+
ϕ(s) < t for all t > 0 and
d(Tx, Ty) ≤ ϕ(d(x, y)), (∀) x, y ∈ X.
Then T has a unique fixed point p in X.
In this paper, we give two general theorems of existence and uniqueness
for fixed point for applications on complete metric spaces. Among other
results, we generalize the above mention theorems of Wardowski [23] and
Ri[13]. Also, we will improve some results of Gubran, Alfaqih, Imdad [4] and
Proinov [11].
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2 The main results
Definition 6. Let E, F be two real functions defined on (0,∞). We say that
(E, F ) is a compatible pair of functions if the following conditions holds
(C1) For t, s ∈ (0,∞), t ≤ s⇒ E(t) < F (s);
(C2) Given t > 0 and (tn)n∈N ⊂ (t,∞) be a sequence with lim
n→∞
tn = t, then
for any sequence (sn)n∈N, t < sn < tn, n ∈ N we have
lim sup
n→∞
(F (sn)− E(tn)) > 0.
Definition 7. We say that T is an (E, F )-contraction if (E, F ) is a com-
patible pair of functions such that
Tx 6= Ty ⇒ F (d(Tx, Ty)) ≤ E(d(x, y)). (3)
Theorem 6. Let (X, d) be a complete metric space and T : X → X be a
(E, F )-contraction. Then T is a CJMP-contraction, hence a Picard operator.
Proof. First, we prove that T is contractive. We suppose that x 6= y and we
prove that
d(Tx, Ty) < d(x, y).
If Tx = Ty this is clear. If Tx 6= Ty, we suppose that d(Tx, Ty) ≥ d(x, y).
By condition (C1) it follows
F (d(Tx, Ty)) > E(d(x, y)),
contradiction with (3).
We prove that T verifies the condition (b) in Definition 4. Contrary, there
is ε0 > 0 such that for any δ > 0, there are xδ, yδ ∈ X such that
ε0 < d(x, y) < ε0 + δ and d(Txδ, T yδ) > ε0.
We take δ = 2−n, n ∈ N. Then there are two sequences {xn}n∈N, {yn}n∈N ⊂ X
such that
ε0 < d(xn, yn) < ε0 + 2
−n (4)
and
d(Txn, T yn) > ε0, n ∈ N. (5)
From these relations, with notations
tn = d(xn, yn), sn = d(Txn, T yn), n ∈ N.
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We obtain that
{sn}n∈N, {tn}n∈N ⊂ (ε0,∞),
lim
n→∞
tn = ε0 and since T is contractive, we have also sn < tn, n ∈ N.
By (C2), we have lim sup(F (sn) − E(sn)) > 0. By (3), we have F (sn) ≤
E(tn), n ∈ N, hence
lim sup
n→∞
(F (sn)− E(tn)) ≤ 0,
contradiction.
Examining the proof of the above theorem, we observe that it takes place
a more general result:
Theorem 7. Let (X, d) be a complete metric space and T : X → X be
a contractive mapping, which satisfies the relation (3), where E, F verifies
condition (C2). Then T is a CJMP-contraction, hence a Picard operator.
3 Applications
In the following, we denote by R+ the set of all real valued functions defined
on (0,∞), which have finite limit at right in any point.
For F ∈ R+, we denote
F (t+ 0) := lim
s→t+
F (s), t > 0.
We begin with a Lemma.
Lemma 2. Let (an)n∈N, (bn)n∈N be two sequences of real numbers such that
(an) is convergent and (bn) is bounded. Then
lim sup
n→∞
(an + bn) = lim
n→∞
an + lim sup
n→∞
bn.
Proof. We denote by L(xn) the set of limit points for real sequence (xn). We
prove that
L(an + bn) = a+ L(bn),
where a := lim
n→∞
an. Indeed,
c ∈ L(an + bn)⇐⇒ (∃)(nk) ⊂ N : ank + bnk → c
which is equivalent with
(∃)(nk) ⊂ N : lim bnc = c− a⇐⇒ c− a ∈ L(bn)⇐⇒ c ∈ a + L(bn).
6
Then
supL(an + bn) = a+ supL(bn).
APPLICATION 1. In Theorem 6, we take the particular case F (s) = s,
s ∈ (0,∞) and E be such that E(t) < t, t ∈ (0,∞). Then (C1) is true:
t ≤ s⇒ E(t) < t ≤ s = F (s).
Now, we consider t > 0 and (tn) ⊂ (t,∞) such that
lim
n→∞
tn = t.
If (sn) is a sequence such that t < sn < tn, n ∈ N then condition from (C2)
is equivalent with
lim sup(sn − E(tn)) > 0⇐⇒ t− lim inf E(tn) > 0,
by Lemma 2.
Thus, we obtain the following result.
Theorem 8. Let (X, d) be a complete metric space and T : X → X. Let E
be a function E : (0,∞)→ (0,∞) so that
◦ E(t) < t, t > 0
◦ lim inf
n→∞
E(tn) < t, t > 0, for any (tn) ⊂ (t,∞) with lim
n→∞
tn = t.
If d(Tx, Ty) ≤ E(d(x, y)), then T is a Picard operator.
Theorem 8 improve the main result of [13].
APPLICATION 2. We take E(t) = F (t)− ϕ(t), t > 0, where
ϕ : (0,∞)→ (0,∞). We take F : (0,∞)→ R such that F is nondecreasing:
t ≤ s⇒ F (t) ≤ F (s).
Then t ≤ s⇒ E(t) < F (t) ≤ F (s).
We verify the condition (C2). Let be t > 0 and (tn) ⊂ (t,∞), with lim
n→∞
tn = t
and a sequence (sn), t < sn < tn, n ∈ N. Condition (C2) is equivalent with
lim sup(F (sn)− F (tn) + ϕ(tn)) > 0
and from Lemma 2 this is equivalent with
F (t+ 0)− F (t+ 0) + lim supϕ(tn) > 0.
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Theorem 9. We suppose that F : (0,∞)→ R is such that F is nondecreas-
ing and ϕ : (0,∞)→ (0,∞) is such that,
(iii′) for all t > 0, lim sup
n→∞
ϕ(tn) > 0 if (tn) ⊂ (t,∞) and tn → t.
If T : X → X is so that
Tx 6= Ty ⇒ ϕ(d(x, y)) + F (d(Tx, Ty)) ≤ F (d(x, y)),
then T is a Picard operator.
Using Theorem 7, it takes place a more general result, which improve
Theorem 2.1 in [23], Theorem 4 in [21] and generalize Corollary 2 in [12].
Theorem 10. Let (X, d) be a complete metric space and T : X → X be a
(ϕ, F )-contraction. We suppose that T is contractive, F ∈ R+ and
ϕ : (0,∞) → (0,∞) verifies the condition (iii′). Then T is a CJMP-
contraction.
Corollary 1. Let (X, d) be a complete metric space and T : X → X be a
(ϕ, F )-contraction such that F is continuous at right, ϕ verifies (iii′) and T
is contractive. Then T is a Picard operator.
APPLICATION 3. The following result improve the principal theorem
in [4].
Theorem 11. Let (X, d) be a complete metric space and T : X → X be a
(ϕ, F )-contraction such that F : (0,∞)→ R is nondecreasing and
ϕ : (0,∞)→ (0,∞) verifies condition
(iii′′) For every strictly decreasing sequence {tn}n∈N ⊂ (0,∞),
lim
n→∞
ϕ(tn) = 0 =⇒ lim
n→∞
tn = 0.
Then T is a Picard operator.
Proof. We prove that (iii′′) =⇒ (iii′).
Let be t > 0. If (∃)tn ⊂ (t,∞), tn → t and lim sup
n→∞
ϕ(tn) = 0 it follows
that lim
n→∞
ϕ(tn) = 0.
By the Monotone Subsequence Theorem, we can suppose that (tn)n∈N
is nondecreasing. If an infinite number of {tn}n∈N are equal terms between
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them, then the sequence of these terms is a constant sequence with limit t,
contrar to tn > t, n ∈ N.
It follows that only a finite number of {tn} are equal terms between them.
Then, there is n0 ∈ N such that for n ≥ n0, (tn)n≥n0 is strictly increasing
and, by hypothesis, t = 0, contradiction.
APPLICATION 4. In Theorem 6, we take E(t) = αF (t), t ∈ (0,∞),
where α is a constant in [0, 1) and F ∈ R+.
Theorem 12. Let (X, d) be a complete metric space and T : X → X be a
mapping such that:
Tx 6= Ty =⇒ F (d(Tx, Ty)) ≤ αF (d(x, y)).
We suppose that:
(C ′1) for t, s ∈ (0,∞), t ≤ s =⇒ αF (t) < F (s);
(C ′2) F (t+ 0) > 0, t ∈ (0,∞)
Then T is a Picard operator.
Corollary 2. Let (X, d) be a complete metric space and T : X → X be a
mapping and F be such that
1. F is nondecreasing;
2. F (s) > 0, s > 0;
3. Tx 6= Ty =⇒ F (d(Tx, Ty)) ≤ αF (d(x, y))
Then T is a Picard operator.
The natural question that arise is the following: Are there any non mono-
tone functions which satisties the condition (C ′1)?
The answer is affirmative. Indeed, we can take the following function:
F (t) =


5
2
, 0 < t <
1
4
1 + t√
t
, t ≥ 1
4
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F is continuous and verifies
2
5
F (t) < F (s),
for all t, s ∈ (0,∞), t ≤ s.
APPLICATION 5. After the above results were obtain, we saw the pa-
per [11], where the author obtain new fixed point theorems, that extend and
unify many earlier results, by assuming that T satisfies a contractive-type
condition. The following result improve the Theorem 3.6 of the paper [11] of
P.D. Proinov.
Theorem 13. Let (X, d) be a complete metric space and T : X → X be
a mapping satisfying condition (3), where the functions F,E : (0,∞) → R
verifies the following conditions:
(p1) F is nondecreasing;
(p2) E(t) < F (t) for any t > 0;
(p3) lim inf
t→ε+
E(tn) < F (ε
+) for any ε > 0, if (tn) ⊂ (ε,∞), tn → ε.
Then T is a CJMP -contraction, hence a Picard operator.
Proof. We apply Theorem 6. The condition (C1) folllows from (p1) and (p2):
For t, s ∈ (0,∞), t ≤ s =⇒ E(t) < F (t) ≤ F (s).
The condition (C2) folllows from (p3) and Lemma 2:
Given ε > 0 and (tn)n∈N ⊂ (ε,∞) such that lim
n→∞
tn = ε, then for any
sequence (sn)n∈N, ε < sn < tn, n ∈ N, we have
lim sup
n→∞
(F (sn)− E(tn)) > 0,
which is equivalent with
F (ε+)− lim inf
n→∞
F (tn) > 0
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